Abstract. A theorem of Beurling and Nevanlinna gives a lower bound for the harmonic measure of a compact set in the unit disk in terms of the harmonic measure of a projection of the set. We prove a generalization of that result involving the sum of harmonic measures evaluated at two points.
Introduction
Let D be a a domain in the complex plane C and let E be a Borel set on ∂D. The harmonic measure of E relative to D is the function u which is harmonic in D and has boundary values u = 1 on E and u = 0 on ∂D \ E (in the sense of the generalized Dirichlet problem; see e.g. A classical theorem of A.Beurling and R.Nevanlinna (see e.g. [6, §4.5] ) asserts that for all z ∈ D, (1.1) ω(z, K) ≥ ω(−|z|, K * ).
Here and below K * = {|z| : z ∈ K} (the circular projection of K onto the radius (0, 1] of D).
We will prove the following generalization of (1.1). 
This is only slightly stronger than a result in [1] (in [1] we considered only the case θ = π/2) but the proof we give in the present paper is different. It combines a method of A.Baernstein [3, Lemma 2] with a method of B.Øksendal [4] . The method used by Beurling and Nevanlinna for the proof of (1.1) involves a circular projection of the Riesz measure of a certain superharmonic function. We note that a direct application of that method cannot prove the theorem. Instead, we do the projection of K step by step (as in [4] ) and in each step we apply a transport of the Riesz measure (as in [3] ).
The Beurling-Nevanlinna projection theorem involves the circular projection of both the set K (onto the positive real axis) and of the base point z (onto the negative real axis). Our next result also involves such a double projection but now we have two base points.
It is easy to see that the assumption K ⊂ {z : z ≥ 0} cannot be omitted.
Several results, open problems, and references related to Theorems 1.1 and 1.2 appear in [2] .
Proofs
We first state a number of lemmas for reference later.
The lemma follows at once from the strong Markov property of Brownian motion; see e.g. [5, p.88] . Alternatively, (2.1) follows from the maximum principle applied to the domain D 1 .
This lemma can be proved easily using the explicit expression for the Green's function [6, §4.4] :
is strictly increasing.
Proof. Because of (2.3) it suffices to prove that h (θ) > 0, where
Simple calculations show that
which is positive for θ ∈ (0, π/2).
Before stating the next lemma we need to define a geometric transformation in the plane (see [4, p.192 . For z ∈ C and A ⊂ C, let Rz and RA denote the reflection of z and A in l(ϕ) (we use the notation R ϕ if we want to stress the dependence on ϕ). If z ∈ C, we denote bỹ z the unique point that belongs to the set H ∩ {z, Rz}. For A ⊂ C we letÃ ϕ = {z : z ∈ A}.
The following lemma was proved in [4] , [3] . We state it here in a different form:
We extend Lemma 2.4 as follows:
Proof. (cf. [3, Lemma 2]) By an approximation and a majorization argument we may assume that K ∩ l(ϕ) = ∅, K ⊂ D, and that
Then u is a bounded superharmonic function in D and u = 0 on ∂D.
Therefore, by the Riesz decomposition theorem, there exists a positive measure µ (the Riesz measure of u) such that
We define a measure ν onK ϕ as follows: For X ⊂K ϕ , we write
X = A ∪ B with A ⊂ K ∩ H and B ⊂ R(K ∩ RH), and set ν(X) = µ(A) + µ(RB).
We also define
Proposition 1: v(ir) + v(−ir) ≤ u(ir) + u(−ir).
Suppose for the moment that Propositions 1 and 2 are true. Proposition 2 and the maximum principle imply that
Now (2.13) and Proposition 1 imply (2.9). So it remains to prove
the propositions. For the proof of both propositions we will need the following formula which comes from the construction of the measure ν and a change of variable:
Proof of Proposition 1: By (2.14)
Hence Lemma 2.3 yields
Now (2.11), (2.15), (2.16) imply Proposition 1.
Proof of Proposition 2: Let
Hence (2.14) yields
Finally suppose that z ∈ R(K ∩ RH). In this case
. Hence (2.14) and the symmetry of the unit disk (with respect to the line l(ϕ)) give
So Proposition 2 and the lemma are proved.
Proof. Let arg denote the principal branch of the argument. By Lemma 2.2, it suffices to show that
).
Simple calculations show that (2.20) is equivalent to arg ζ ≤ π/2 which is true. So the lemma is proved.
Proof. The proof is very similar to the proof of Lemma 2.5. So we only sketch its main steps. We define the superharmonic function u and construct the function v as in the proof of Lemma 2.5. Then we have to prove two propositions. The second proposition and its proof are exactly the same as in Lemma 2.5. The first proposition is that
To prove (2.22) we work as in the proof of Proposition 1 in Lemma 2.5.
The only difference is that instead of (2.16) we need the inequality
Since the points ir, re iθ and ζ, R ψ ζ are symmetric in l(ψ), we have
Also, by Lemma 2.6, we have
Now (2.24) and (2.25) imply (2.23) and the lemma is proved.
Proof of Theorem 1.1.
Let r, θ, K be as in the statement of the theorem. By applying Lemma 2.4 first with ϕ = π and (2.8) and then with φ = π/2 and (2.7), we may
We apply Lemma 2.5 successively with ϕ = π/4, π/8, π/16, . . . . In the limit we obtain (1.2). So the theorem is proved for θ = π/2. Assume next that π/2 < θ ≤ π and let D − = {z ∈ D : z < 0}. By Lemma 2.1 and symmetry in the real axis, 
